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Abstract Contact-impact processes occur at most cases in multibody systems. Sub-periods and
sub-regional methods are frequently used recently, and diﬀerent coordinates are introduced in both
of the approaches. However, the sub-regional method seems to be more eﬀective. Floating frame
of reference formulation is widely used for contact treatment, which describes displacements by
the rigid body motion and a small superposed deformation, and the coordinates depicting the
deformation include ﬁnite element nodal coordinates and modal coordinates, the former deals
with the contact/impact region, and the later describes the non-contact region. In this paper,
free interface substructure method is used in modeling, and the dynamic equation of a single body
is derived. Then, using the Lagrange equation of the ﬁrst kind, the dynamic equations of multibody
systems are established. Furthermore, contact-impact areas are treated through additional constraint
equations and Lagrange multipliers. Using such approach, the number of system coordinates and
the dimensions of mass matrix are signiﬁcantly reduced with the modal truncation, therefore both
of the eﬃciency and accuracy are guaranteed. Finite element method in the local contact region
can deal with contact/impact between arbitrarily complex interfaces, whereas, additional contact
constraints used in the nodal description region can avoid the customized parameters that are used
in the continuous force model. c© 2013 The Chinese Society of Theoretical and Applied Mechanics.
[doi:10.1063/2.1301307]
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In essence, contact/impact in multibody systems is
the dynamic processes of variable topology systems in
which the dynamic response after the collision is com-
pletely diﬀerent from that before the collision. There-
fore, it is much signiﬁcant to establish a method that
can handle general continuous process and non-smooth
collision process. A great amount of work has been
performed in this ﬁeld. Benson et al.1 presented a
model that consists of both rigid and ﬂexible bod-
ies. Eberhard et al.2 created a methodology that
combined multi-rigid body and ﬁnite element method
(FEM). Ambro´sio et al.3 considered the multibody sys-
tem as partial rigid and partial ﬂexible. By develop-
ing a substructure model which is also considered as a
sub-regional method, Liu4 successfully solved the prob-
lem. In term of contact processing, Wu et al.5 devel-
oped a contact constraints methodology which is an im-
pulses/momentum method. Hu et al.6 took account of
local deformation and elastic wave, and proposed an al-
gorithm to deal with the contact between cylinder rod
and sphere. Khulief et al.7 simulated contact process
by using linear spring damping model. Carpenter et
al.8 developed a ﬁnite element model to solve contact
problems through Lagrange multipliers. In most relat-
ing cases, there are two fundamental formulations of do-
ing this, sub-periods and sub-regional formulation, the
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diﬀerence between them in terms of using nodal coordi-
nate is that they both carry diﬀerent dimension.
The idea of sub-periods method presented previ-
ously is to describe the superposed deformation with
respect to diﬀerent stages of collision by using diﬀerent
types of coordinate. It diﬀerentiates the processes be-
fore and after contact by involving modal coordinates
or using rigid body dynamic model before contact hap-
pens. However, during contact, FEM nodal coordinates
are used due to the consideration of the accuracy of de-
scribing the deformation. For sub-periods method, the
transformation of coordinate types and reconstruction
of mesh grid are both needed to solve contact problems.
Consequently, extra-large number of coordinates should
be added which decreases the eﬃciency signiﬁcantly.
Compared to the sub-periods method, sub-regional
method as its name indicates is to use diﬀerent co-
ordinates with respect to diﬀerent region. Using this
method, FEM nodal coordinates are introduced within
contact region, simultaneously, modal coordinates are
used for non-contact region.
In this paper, by using the idea of sub-regional
method, multi-variable approach is presented. Modal
coordinates are employed to describe the deformation of
the non-contact region and FEM nodal coordinates are
used for the contact region, and then additional con-
tact constraints method is used to assemble dynamic
equations of ﬂexible multibody system.
Rigid body motion of single ﬂexible body under in-
ertia system is described by ﬂoating frame. Each cor-
responding small superposed deformation is described
013007-2 J. B. Shi, J. Z. Hong, and Z. Y. Liu Theor. Appl. Mech. Lett. 3, 013007 (2013)
by using nodal coordinates. Here rigid body motion is
deﬁned by velocity and angular velocity under ﬂoating
frame, and the FEM nodal coordinates are used to de-
scribe the superposed deformation.
Body i in multibody system is discretized by
lumped mass FEM, therefore, the mass of ﬂexible body
is distributed by ﬁnite element nodal positions. An ar-
bitrary node position rP of ﬂexible body i is deﬁned by
(ignoring i mark)
rP = r + ρP , ρP = A (ρ′P0 + u
′P ), (1)
where ρP represents the position coordinate vector of
node P deﬁned in the inertial frame, and u′P , ρ′P0 rep-
resent the deformation displacement vector and the po-
sition coordinate vector of node P before deformation
deﬁned in the ﬂoating frame respectively, and A is the
transformation matrix between the ﬂoating and the in-
ertial frames. In Eq. (1), the notation (∗)′ means quan-
tity (∗) is expressed in the ﬂoating frame.
Diﬀerentiation of Eq. (1) with respect to time re-
sults in the nodal absolute velocity, and the second dif-
ferentiation of Eq. (1) with respect to time leads to the
nodal absolute acceleration, which are given by
r˙P = r˙ − ρ˜Pω +Au˙′P , (2a)
r¨P = r¨ − ρ˜P ω˙ +Au¨′P + ω˜ω˜ρP + 2ω˜Au˙′P . (2b)
The deformation displacement vector of node P can
be expressed as u′P = CPu′, where CP is the Boolean
matrix that chooses the node P from u′, which is the
global nodal deformation displacement vector. Equa-
tion (2) is given by matrix formulation
r˙P = BPv, (3a)
r¨P = BP v˙ +wP , (3b)
where v, BP and wP are given by
v =
[
r˙T ωT u˙′T
]T
, (4a)
BP =
[
I3 −ρ˜P ACP
]
, (4b)
wP = ω˜ω˜ρP + 2ω˜Au˙′P . (4c)
Using general equation of the dynamics in virtual
power form, the dynamic equations of motion can be
written as
δvT
(−mv˙ −w + f ext − f int) = 0, (5)
where m, w, f ext and f int are given by
m =
∑
P
mPB
PT
BP , (6a)
w =
∑
P
mPB
PT
wP , (6b)
f ext =
∑
P
BPTF P , (6c)
O
C Q(1)
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Fig. 1. The model of multi-variable.
f int =
[
0T 0T (Cu˙′ +Ku′)T
]T
, (6d)
δv is the virtual velocity with respect to generalized co-
ordinates. In Eq. (6d), the matrices C and K are the
damping matrix and stiﬀness matrix from the commer-
cial FEM software, respectively.
In order to reduce the degrees of freedom and to
guarantee the accuracy of simulation, multi-variable ap-
proach is used to build the dynamic equation of single
body described by mixed coordinates.
Nodal coordinates lead to an ineﬃcient numerical
implementation due to the large number of generalized
coordinates.
u′ is expressed by the nodal displacement, and can
be reduced by a small number of main modes
u′ = ϕa, (7)
where a is the modal coordinate vector, which has much
smaller number of degrees of freedom than that of the
nodal displacement vector. It has been conﬁrmed that
modal coordinates can describe the deformation well at
the region of non-contact.
In order to describe the deformation and contact
force more eﬃciently and ensure the accuracy, the sin-
gle body can be divided into two parts by the way of
free interface substructure,9 one is the modal descrip-
tion in the part of non-contact region, and the other is
the nodal description in the part of contact region.
As is shown in Fig. 1, the single body is separated
by an interface in which the nodes have consistent po-
sitions.
Considering two completely separated objects, com-
bining the two equations simply, due to the same ﬂoat-
ing frame that describes their rigid body motion, the
entire equation can be written as
δ

v
T
(−m˙v + f + R) = 0, (8)
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
v =
[
vTr a˙
IT u˙′IIT
]T
,

m =
⎡
⎢⎣ m
I
rr +m
II
rr m
I
rn m
II
rn
mInr m
I
nn 0
mIInr 0 m
II
nn
⎤
⎥⎦ ,

f =
[
f ITr + f
IIT
r f
IT
n f
IIT
n
]T
,

R =
[
RITr +R
IIT
r R
IT
n R
IIT
n
]T
,
where notation r means that the quantity is related to
rigid body motion, n is related to superposed deforma-
tion, notations I and II mean that the quantity is in the
region of I or II.

v is the generalized velocity of the sys-
tem,

m is the generalized mass matrix of the system,

f
is the sum of inertia force, external force and internal
force, and

R is the force at the boundary that connects
two objects in the form of each generalized coordinates.
Equation (8) cannot be transformed to diﬀerential
equation because of the dependency of the coordinates.
Due to the consistency of the boundary displacements
or the redundancy coordinates in

v, there are con-
straints equation (Eq. (9a)) of the deformation coor-
dinates. Grouping the node by location whether in the
region of boundary or not, then the generalized velocity
turns out to be Eq. (9b)
ϕIba = u
′II
b , (9a)

v =
[
vTr a˙
IT u˙
′IIT
i
]T
, (9b)
where the notation i represents the nodes of the contact
region except the boundary nodes. Eliminating the con-
nected force, the single object dynamic equation can be
obtained
δ

v
T
(−m˙v + f) = 0, (10)
where

m and

f are generalized mass matrix and force
matrix with respect to the generalized velocity respec-
tively. This equation combines both modal coordinate
and nodal coordinate, which describes the deformation
for diﬀerent regions.
If we adopt the joint constraints to handle the con-
nected joint between bodies, the constraint equation for
multi-variable approach should be constructed.
Here, we introduce the revolute joint constraint
equation. Nonetheless, most types of joint constraints
are represented in the similar form.
In Fig. 2, the point Q belongs to body Bj , and P
belongs to body Bi, and they coincide at the axis of the
revolute joint. At the point P (Q), we deﬁne the 4 unit
vectors which are dP , dQ, dQ1 , d
Q
2 , and they have the
relationship that dP = dQ, dQ = dQ1 × dQ2 .
The constraint equations can be derived with the
consideration of the same direction of angular velocity
and same translational velocity at the connecting point
Φ(r) = [ΦtT,ΦrT]T, (11a)
P
Bi
Q
Bj
O
rj
ri
d
Q d
Q
d1
d2
Q
Q
Q
P
Fig. 2. Revolute joint constraint.
Φt = rQ − rP = 0,
{
Φr1 = d
QT
2 d
P = 0,
Φr2 = d
QT
1 d
P = 0,
(11b)
where Eq. (11a) shows the components of the joint con-
straint. According to the geometric feature of revo-
lute joint, the constraint equations can be shown in
Eq. (11b).
The dynamics equation of system can be assembled
with Eqs. (10) and (11)[
M ΦTy
Φy 0
][
y¨
λ
]
=
[
F
γ
]
, (12a)
M = diag(

m1,

m2, · · · , mN ), (12b)
F =
[

f
T
1 ,

f
T
2 , · · · ,

f
T
N
]
, (12c)
y˙ = Gv, v =
[

v
T
1 ,

v
T
2 , · · · ,v
T
N
]
, (12d)
where Φ includes two kinds of geometric constraints
equations, the joint constraints equations (e.g. the rev-
olute joint constraint equations Φ(r)) and the constraint
equations of Euler parameters, and Φy is its Jacobian
matrix. Correspondingly, λ represents the Lagrange
multipliers of joint constraints and Euler parameters.
γ is the right-hand-side of acceleration equations. In
Eq. (12d), G is the transformation matrix from gener-
alized velocity vector to generalized displacement vec-
tor. In order to solve the DAEs, position and velocity
constraint equations are needed to ensure the accuracy
of position and velocity.
There are many approaches to solve contact/impact
problems, including impulse momentum method, ana-
lytical solution, continuous impact force model and ﬁ-
nite element method. Impulse momentum method can
only be used in rigid bodies, which ignores the process
of contact force. Analytical solution is limited to ob-
jects with simple geometry. In some cases, continuous
force model obtains accurate solution, but the parame-
ters, which are critical, depend on experiences. In con-
trast, ﬁnite element method with contact constraints
can reach the accuracy without subjective factors.
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Fig. 3. Contact pairs.
In this paper, using additional constraints method,
normal impact was discussed without considering fric-
tional force.
In Fig. 3, node S and point M is the contact pair.
Without any loss of generality, S is the node of mesh
on the interface of Body i, and M is an arbitrary ma-
terial point on the interface of Body j. But in fact,
nodes M1,M2,M3,M4 work with the contact algorithm
instead of point M . The contact constraints can be
written as
Φc = nT
(
rSi − rMj
)
= 0, 0 < g  ε, (13a)
rMj =
∑
k
Nkr
Mk
j , (13b)
where Nk (k = 1, 2, 3, 4) is the shape function of the
element in 2D, n represents the normal vector of the
contact surface, and g is the minimum distance between
contact boundaries. Note that Φc never works until the
contact condition (0 < g  ε) is satisﬁed, where ε is the
tolerance of zero. By solving Eq. (13), the velocity con-
straint equation and the Jacobian matrix are obtained,
which are given by
Φ˙c = nT(BSi vi −
∑
k
NkB
Mk
j vj) = 0, (14)
Φcyi = n
TBSi , Φ
c
yj = −nT
∑
k
NkB
Mk
j . (15)
In the case of multiple contact issues, the contact
constraints equation should be written as
Φc =
[
Φc1T Φc2T · · · ΦcNT
]
. (16)
Combining Eqs. (16) and (12), Lagrange dynamic equa-
tion of the ﬁrst kind in the form of Lagrange multipliers
is obtained as⎡
⎢⎣ M Φ
cT
y Φ
T
y
ΦcTy 0 0
ΦTy 0 0
⎤
⎥⎦
⎡
⎢⎣ y¨λc
λ
⎤
⎥⎦ =
⎡
⎢⎣ Fγc
γ
⎤
⎥⎦ , (17)
where y =
[
yT1 y
T
2 · · · yTN
]T
is the generalized coor-
dinate vector of the ﬂexible multibody system, λc that
represents the contact force is the vector of Lagrange
multiplier corresponding to contact constraints.
θ
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Fig. 4. A ﬂexible pendulum with a contact in gravity.
0      0.02     0.04     0.06     0.08    0.10
0
-0.1
-0.2
-0.3
-0.4
-0.5
t/s
v
y

↼m
  .
s-
1
↽
Fig. 5. Velocity in y direction of the reference frame.
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Fig. 6. Velocity of P point in y direction.
Table 1. The parameter of the pendulum.
Parameter Quantity
Density 2 700 kg/m3
Modulus of elasticity 6.9× 1010 Pa
Length 0.7 m
Width 0.028 m
Depth 0.005 m
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Fig. 7. Contact force.
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Fig. 8. Velocity of the point in the back of contact location.
The formulation presented is validated through the
application to a ﬂexible pendulum with gravity, which
is modeled by solid element in three dimensions.
A systems with constraints is displayed in Fig. 4,
and the geometry and material characteristics is shown
in Table 1. The period before the collision can be sim-
ulated using Eq. (12). The pendulum is released at an
initial condition of horizontal position (θ = 0).
The results of this simulation, displayed in Figs. 5
and 6, show a reasonable phenomenon.
As can be seen in Fig. 6, in the period of 0 s to 0.1 s,
the acceleration is approximately constant. With the in-
ﬂuence of the superposed deformation, the point P and
ﬂoating frame do not maintain absolute uniform accel-
eration, and the curve is nearly a straight line which is
the result of rigid body.
Similar to the simulation above, contact case is in-
troduced into the model. The initial condition is that
the contact-point of pendulum approaches the surface
of sphere with a velocity of 0.4 m/s. Capturing the con-
tact pair, the contact constraints are introduced into the
dynamic equation.
As shown in Fig. 4, the collision happens between a
hemisphere and a pendulum, which is simulated in the
previous section.
The result of the contact force and response of a
point at the back of contact region are displayed below.
It is shown that the contact experiences three colli-
sions from Fig. 7, which indicates that the deformation
caused by impact results in multiple collisions in one
rigid body position due to the high frequency vibration.
It is shown in Fig. 8 that the point out of contact
region also has an impact due to the stress wave. From
another side, it shows that the modal description can
not simulate the collision response with such high fre-
quency.
So as discussed above, by using the sub-regional
idea, a multi-variable approach of contact issue is es-
tablished. From some examples, we can ﬁnd the results
of this method reasonable and credible.
With the mixed deformation description scheme,
the multi-variable approach reduces the degree of free-
dom. By using the additional contact constraints, the
customized parameters are avoided which turn out to
be non-uniqueness result.
At last, a more common approach to deal with con-
tact problem, which is non-continuous, is needed for
further research.
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